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Sub-Nyquist USF Spectral Estimation:
K Frequencies With 6/ K + 4 Modulo Samples

Ruiming Guo

Abstract—Digital acquisition of high bandwidth signxals is
particularly challenging when Nyquist rate sampling is im-
practical. This has led to extensive research in sub-Nyquist
sampling methods, primarily for spectral and sinusoidal fre-
quency estimation. However, these methods struggle with high-
dynamic-range (HDR) signals that can saturate analog-to-digital
converters (ADCs). Addressing this, we introduce a novel sub-
Nyquist spectral estimation method, driven by the Unlimited
Sensing Framework (USF), utilizing a multi-channel system. The
sub-Nyquist USF method aliases samples in both amplitude and
frequency domains, rendering the inverse problem particularly
challenging. Towards this goal, our exact recovery theorem estab-
lishes that K sinusoids of arbitrary amplitudes and frequencies
can be recovered from 6K -+ 4 modulo samples, remarkably,
independent of the sampling rate or folding threshold. In the
true spirit of sub-Nyquist sampling, via modulo ADC hardware
experiments, we demonstrate successful spectrum estimation of
HDR signals in the kHz range using Hz range sampling rates
(0.078% Nyquist rate). Our experiments also reveal up to a 33-
fold improvement in frequency estimation accuracy using one
less bit compared to conventional ADCs. These findings open new
avenues in spectral estimation applications, e.g., radars, direction-
of-arrival (DoA) estimation, and cognitive radio, showcasing the
potential of USF.

Index Terms—Unlimited sampling, sub-Nyquist sampling, ro-
bust recovery, multi-channel architecture, spectral estimation.

1. INTRODUCTION

UB-NYQUIST Sampling [1], [2], [3], [4], [5], [6] is the
S umbrella term for scenarios where sampling at the Nyquist
rate is impractical. This impracticality arises due to sensing
bottlenecks including,

« high data rates caused by high-bandwidth signals, as seen
in cognitive radios [7] and radar [8], or,
« when the hardware required for high-rate sampling is lim-

ited [9] or prohibitively expensive [10].

These issues have prompted new strategies utilizing inherent
signal structure for lower-rate sampling. Foundational work in
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Fig. 1.  Oscilloscope view of our USF-MC hardware output (see Section IV).
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Fig. 2. Range versus domain folding. In USF, folding operates on the
amplitude of the signal .Z) (g(t)) (see Fig. 1), yielding the quotient space.
This is synonymous to how undersampling results in aliasing in the Fourier
domain .#r (w). Sub-Nyquist USF spectral estimation (SNygA-Y) entails
range and domain folding, simultaneously, creating a challenging inverse
problem.

the area was conducted by Landau [1], and later, by Bresler &
co-workers [2], [3]. Following this, significant advancements
have been made by Mishali & Eldar [4], [5], [6], particularly
in applications like wideband spectrum sensing, where high
bandwidths are a significant bottleneck [11], [12].

In the sub-Nyquist context, the sinusoidal model [13], [14],
[15], [16], [17], [18], [19], [20], [21],
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forms an important sub-class of the multi-band model and needs
no introduction to the signal processing community. Frequency
or Spectral Estimation is a significant research area due to its
pervasiveness [13] with first solutions dating back to Prony’s
ingenious solution in 1795 [14]. Numerous studies have focused
on developing sub-Nyquist Frequency Estimation or sNyg-{ !
methods based on multi-channel sampling. Some of these ef-
forts on sNyg-Y predate the work on sub-Nyquist sampling. For
instance, the pioneering works of Xia et al. [17], [18], [19] and
Vaidyanathan, Pal & co-workers [20], [21].

Despite the thrust of research spanning decades, almost all
of the advances have been primarily focused on algorithmic
novelty. The potential benefits of adapting the forward model
or the acquisition pipeline, particularly in addressing practical
challenges in HDR sensing [22], have remained unexplored. To
this end, our current research program pivoted on the Unlimited
Sensing Framework (USF) [23], [24], [25], [26], and its appli-
cations in radar systems [27] and time-of-flight imaging [28],
provides a strong impetus for developing high-dynamic-range
(HDR) sensing strategies for sNyg-Y.

The Unlimited Sensing Framework. The USF is a new step
in sampling theory [29], fundamentally circumventing the im-
plementation bottlenecks [10] in the Shannon-Nyquist method.
The USF embodies the hardware-software co-design principle,
a cornerstone of computational sensing [30]. Simultaneously
achieving HDR acquisition with high digital resolution—
a challenging trade-off in traditional paradigms [10], [29]—
makes the USF particularly attractive. This is achieved by folding
an arbitrarily HDR signal in analog domain, as shown in Fig.
1, by deploying folding non-linearity in hardware. For this,
the modulo ADC or .#\—ADC was proposed in [25]; A denotes
the folding threshold. The low-dynamic-range, modulo encoded
samples are algorithmically decoded to recover the HDR signal.
As shown in Fig. 2, in the USF, folding operates on the range of
the input signal. This is akin to how undersampling results in
aliasing in the Fourier domain. The unique and wide benefits of
the USF have been explored in theory [24], [25], [26], [31], [32],
[33], [34], [35], [36], [37], [38], [39] and verified in practice
[25], [271, [39], [40]. Hardware experiments with .#\—ADCs
have shown that,
m signals up to 25\ to 30\ [25] can be recovered in the
presence of non-idealities, system noise and quantization.
m a 10-12 dB improvement in the quantization noise floor
can be attained by simply replacing conventional ADC by
M \—ADC, in the context of radars [27] and tomography
[40]. Application specific optimization of the .#,—ADC
hardware is expected to perform better.
These developments and the end-to-end implementation of the
USF substantiate its pervasive potential, partly attributed to the
fundamental role played by sampling theory [29].

Related Works. Current works on the USF are mainly focused
on bandlimited (BL) signal spaces and rely on constant-factor
oversampling [24], [25], [26]. Though not yet validated via

IWe use sNyg-Y to abbreviate sub-Nyquist Frequency Estimation where the
choice of ¥ symbolizes a tuning-fork that creates pure tones or frequencies.
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hardware experiments, approaches based on prediction and side
information can achieve near-Nyquist rates [41]. Beyond time-
domain methods, a Fourier-domain method—Fourier-Prony
algorithm—was proposed in [25] and validated via extensive
experiments. This method leverages spectral separation be-
tween BL signal and modulo folds in the Fourier domain. Vari-
ants of Fourier separation methods have been recently reported
in [42] where frequency estimation in Fourier-Prony is replaced
by ¢; minimization. Multi-channel USF has been proposed in
[32], [38], [43].

For sinusoidal mixtures (1), assuming wy € [—m, 7], USF
based spectral estimation was considered in [31]. This method
uses single channel and relies on substantial oversampling,
both in the number of measurements as well as the sampling
rate. Compared to Prony’s method which uses 2K measure-
ments, the approach in [31] uses K’ > 2K + (7>, |cx|) /A
samples with sampling period T' < 1/2me. Furthermore, this
approach is based on higher order differences which may be
unstable in practice. Can we do better? This motivates new
methods that can enable sub-Nyquist USF Spectral Estimation
or sNygA-Y. Preliminary results outlining the sNyg\-Y proof-
of-concept, without the robust method and extensive hardware
validation in this paper, is presented in [44].

Technical Challenges and Motivation. While sub-Nyquist
acquisition is our ultimate goal, we know that reconstruction
methods at the core of USF require oversampling’. Hence, sub-
Nyquist acquisition results in a fundamental contradiction in-
stigating a stalemate between analysis and synthesis. The key
challenge in frequency estimation via sub-Nyquist USF lies in
the concurrent inversion of two kinds of non-linear folding
operations. As shown in Fig. 2,

o The first form of folding kicks in whenever |g| > . In this
case, the folding operates on the range of the function.

o The second form of folding is induced due to undersam-
pling. Even if the modulo folding is not triggered i.e.
lg| < A, undersampling entails aliasing in the frequency
domain. This is the case where folding operates on the
domain’.

Owing to these opposing requirements, any sequential recon-
struction, i.e. USF based unfolding [23], [24], [25] followed by
sNyg-Y [17], [18], [20], [21] can not work. This highly challeng-
ing scenario motivates investigation of methods for sNygA-Y.

Contributions. The key takeaway from this work is the suc-
cessful recovery of HDR signals in the kilohertz bandwidth
range through sub-Nyquist sampling at hertz scale, utilizing
the .#—ADC hardware. Notably, our method shows recovery of
signals up to 9A. The end-to-end implementation of the sNygA-Y

2See [23], [24], [25] and the follow-up works [27], [31], [32], [33], [34],
[35], [36], [39], [40], [41], [42].

3Prony’s method enables estimation K sinusoids in (1) by requiring only
2K samples to find the 2K unknowns, {ck,wk}fzfol. However, Prony’s
method is susceptible to spectral aliasing. In the case of normalized frequency
being 7 (radians) or 7'=1, it can only reliably estimate wy € [—,7].
Frequencies beyond this range i.e. |wy| > 7 will experience aliasing, folding
back into the detectable range (see Fig. 2). The aliasing problem is solved
via sSNyg-Y methods [17], [18], [20], [21].
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Fig. 3.

Hipparchus—Ptolemy system of deferent-epicycle model with g (t) = coe?“0! + c1e/“1t (K = 2). We also show, pointwise (o) and folded/USF

samples (X). (a) Polar-domain representation of g (¢) (the Ptolemaic model). (b) Time-domain representation (real part of (a)). The goal is to estimate the
frequency components wo,w; from the sub-Nyquist USF measurements. The challenges lie in the concurrent inversion of two forms of non-linear folding
operations: (1) the frequency of the complex exponentials will be aliased once it is undersampled; (2) the amplitude of the signal will be folded whenever it
exceeds the range [—\, +)]. This makes sNygA-Y ill-posed due to the inversion ambiguity as illustrated in (az-a3) and (ba-bg) as well as in Fig. 2.

approach requires that its core elements, i.e. theory, algorithms,
and hardware, work independently and in concert. To this end,
our contributions are outlined as follows:

Theory We conceptualize a quad-channel USF architecture
(Fig. 4), the workhorse of our acquisition. Despite the
folding non-linearity, akin to Prony’s method, we prove a
sub-Nyquist sampling theorem (see Theorem 1) that is, (i)
independent of the sampling rate and (ii) enables recovery
of K sinusoids with only 6 K + 4 measurements.
Algorithms. We design two novel algorithms. The first

algorithm sNyg\-Y complements our sampling theorem.

The second algorithm psNygA-f —a robust version of

sNygA-Y —is capable of handling hardware imperfections,
quantization, and system noise in real-world scenarios.
Hardware. We develop a custom designed multi-channel
USF hardware (see Fig. 5) for validating our theory
and algorithms. Extensive hardware experiments demon-
strate its potential benefits across a wide range of
scenarios.

Notation. The set of integer, real, rational, irrational, and
complex-valued numbers are denoted by Z,R,Q,R\Q and
C, respectively. The set of NN integers is given by Iy =
{0,--- ,N — 1}, N € Z™". The conjugate of z € C is denoted
by z. The indicator function on domain D is denoted by 1p.
Continuous functions and discerete sequences are written as
g(t),t €R and g [n], respectively. We will be working with
Ty—delayed sequences denoted by, gr, [n]= g (t)l,—p1 7,
Vectors and matrices are written in bold lowercase and up-
percase fonts, e.g. g=[g[0],--- ,g[N —1]]T € RN and G =
[gn,m]52 € RN*M The L, (R) space equipped with the
p-norm or ||- ||LP(R) is the standard Lebesgue space; Lo and L

denote the space of square-integrable and bounded functions,
respectively. Spaces associated with sequences are denoted by
¢P. The max-norm (L) of a function is defined as, ||g|| ., =
inf{co > 0:|g(t)| <co}; for sequences, we use, |g|. =
max,, |g [n]|. The vector space of polynomials with degree less
than or equal to K is denoted by Px. Function derivative is
denoted by J:g (t) while for sequences, the finite difference
is denoted by (Ag) [n] = g[n + 1] — g [n]. The Fourier Trans-
form of g € Ly is defined by g(w) = [ g (¢) e7?**dt. The Dis-
crete Fourier Transform (DFT) of a sequence g € /1 is denoted
by g[m| = 25;01 g[n] e 7% Let VY denote the N x M
DFT/Vandermonde matrix VA = [¢3™] ZL:HE" , £ = e IR
The DFT of g can be expressed algebraically as g = V% g, g¢c
CN. The Kronecker product is denoted by ®. Element-wise
smaller or equal is denoted by <. Diagonal matrices are written
as Zr (h) with [Zk (h)];, , = [h],c;, - We use (fog)(t)=
f (g (t)) to denote function composition. The quantization op-
erator is defined as 2, (g) = 2A | (g + A) / (2\)] where |g]
sup{k € Z| k < g} is the floor function. The centered modulo
operator is defined as
def

Mg 2) ([ +3] - 3), Wl =9-19), A>0. @

The mean squared error (MSE) between x,y € RY is given by

def —
Ex(x,y) = £ Y0 z[n] —y[n]]*.

II. SUB-NYQUIST USF SPECTRAL ESTIMATION

Problem Statement. Let g (t) € Lo, denote a sum of complex
exponentials signal as defined in (1), where {c,wi }rer, are
the unknown amplitude and frequency, respectively. We assume
g (t) € R to align with the practice. The USF eliminates clipping
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Fig. 4. The USF-MC pipeline for sSNygA-Y requiring only 6 K + 4 samples.
It is independent of sampling rate and folding threshold. For hardware, see
Fig. 5.

or saturation of potentially HDR signals by folding the analog
input in hardware [25] via (2). The resulting measurements in
our case yield, yx (t) = .#(g (t)). Subsequently, the folded
signal yy (t) is sampled in a pointwise fashion,

ya[n] = A5 (g (nT))|—pg, n€ln 3)

where f; = 3= = % is the sampling frequency. Our goal is to re-
trieve the parameters {cx, Wi }xe1, from yy. More importantly,
we aim to develop the recovery strategy free from wg, truly
paving the path for sub-Nyquist procedure.

Hipparchus-Ptolemy Planetary Model: Visual Illustration
of Problem Statement. We consider the deferent-epicycle
model [45] of two planet system dating back to 2nd century AD.
Let g (t) = coe?o! + ¢1e?“1t where, in the Ptolemaic model,
go (t) = coe?@t and g (t) = c1e’*1* take the roles of deferent
and epicycle, respectively. Our recovery problem is visually
illustrated in the phasor/polar space in Fig. 3. The equidistant
samples and its .#) () folded versions are denoted by o and
x, respectively. Fig. 3(b) shows the real part of Fig. 3(a). The
challenges in recovery arise from the concurrent inversion of
folding along the range and domain (see Fig. 2), induced by
sub-Nyquist-plus-USF based sampling.

1) Undersampling the analog signal results in frequency
aliasing. This creates an ambiguity in frequency esti-
mation as the measurements (x) simultaneously corre-
spond to multiple solutions as shown in Fig. 3(a3) and
Fig. 3(a3).

2) The amplitude will be folded whenever it exceeds the DR
[—A, A], which makes the inversion of .Z) (-) ill-posed
as multiple distinct signals could yield the same folded
measurements as shown in Fig. 3(bs) and Fig. 3(bs).

The inversion of the folding operation .#) (-) is challeng-
ing inverse problem [23], [24], [25], [26]. Coupled with sub-
Nyquist sampling, this turns into a highly ill-posed problem
and motivates the design of a new methods that can simulta-
neously handle the two forms of folding non-linearities shown
in Fig. 2.

The sNygA-{ Method: Exact Recovery in the Ideal Case
€ Mathematical Model of the Sensing Pipeline
Our starting point is the mathematical modelling of the multi-
channel or USF-MC pipeline in Fig. 4. Denote by {y; }:c1, the

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 72, 2024

USF-MC measurements defined as,

{ yo [n] = A, (gln]) w1 [n] = A5, (g[n])

volnl = Moy (graln]) vsln) = M, (griln)

where g [n] = g (t)|,_,,r and g7, [n] =g (t)|t:nT+Td, and
where {Ag, A1, Ty} are USF-MC design parameters.

€ Simplification of the Measurements

Let g ef (Ag). For notational simplification, we define

up =g —vo,  Vo=Ayx
uy =g —vi, v1 = Ayx, ) g. =u; + v,
- with =
U =g, — V2, V2 =AY, T, i €1y
Uz =9r — U3, V3= Ayx, 1,
5

To uncover the underlying mathematical structure of the
USF-MC samples, we apply the modular decomposition prop-
erty [25] in each channel which allows us to write,

wiln =g Il —vifl= 3" ol —mi  ©
=0

where {yl7i,nl,i}f;g ! are the unknowns that parametrize
the residue signal, u;. Note that 7, ; € 2X\;Z, A\j = \; mod 25
1€ 1y.

® Overview of the sNyg\-Y Recovery Strategy

Since each channel {v;};cr, is undersampled, the folding
non-linearity along amplitude cannot be inverted by non-
linear filtering of amplitudes [24] or by Fourier-domain parti-
tioning developed in [25]. Nonetheless, common to the theme
of USF is that idea of residue recovery [24], [25] i.e. given v;,
estimate u,; so that v; + u; — g;. We use a similar idea which
follows a different approach. The key insight being that g; is
pairwise common to all channels, its elimination in vy and
v1 results in recovery of the residue. Note that,

- (é) ~ _ Lo+L;—1 -
v1 [n] —vo [n] = wg [n] —up [n] = Z did[n —ny]

(M

where d; = 2\17;,1 — 2AoY1,0 and the unknowns {v; 0,71}
€ Z2 can be uniquely estimated due to the assumption that
Ao/ A1 € R\Q. In effect, v; = (Ayy,),i = 0,1 provides for
u; in (6) via (7) due to the co-irrationality of \;. Once u;’s
are estimated, we can recover g; = v; + ;.

Having obtained {g; [n]}ne1y_, for ¢ =0, 1, provided that
N — 12> 2K, one can use Prony’s method [14] to estimate
the 2K unknowns in (1). Nonetheless, the estimates of wj, can
still be aliased due to the sub-Nyquist sampling. This is where
the additional channels, ¢ = 2, 3 play a vital role because we
can use channel redundancy to recover the true (non-aliased)
frequencies. To this end, v5 and v comprising of T;-delayed
samples yield gr, [n], again following the residue recovery
method above. There on, we use the {g [n], gz, [n]} to esti-
mate non-aliased frequencies as in previous approaches [46].
Our main result is summarized as follows.

Authorized licensed use limited to: Imperial College London. Downloaded on December 23,2024 at 12:47:38 UTC from |IEEE Xplore. Restrictions apply.
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Theorem 1: Let g (t) = Zk
modulo measurements {y; [n]}

! crert Given multi-channel
;GGH]?N defined in (4). Then, g (t)
can be exactly recovered with N; > (2 — L%J) K+1,i€ely
samples if i—‘l) € R\Q and T; < w/(maxy |wk|)-

Proof: Our proof is constructive and is based on the inversion
of the range and domain folding operators.

i) Range Unfolding. Given modulo samples {vo,vl}neﬂm,
Ao/A1 € R\Q, we obtain {ug,u1}nery, via (vi —vo) [n] @

ILZDJ Ii=tas [n — ny], leading to a unique decomposition.
This can be proved by contradiction; suppose 3{cy g, 1} € Z
such that d; =2M\a;1 —2Moag9, which results in
Vi1 —ou1/Y0 — a0 =Ao/A1.  This  contradicts  the
assumption i—fl) eR\Q as v1 — ag1/71,0 — a0 € Q. Finding
{v,:} from d; can be implemented via dictionary or brutal
force search. Hence, {ug,u;1} can be recovered using (6); the
same applies to {usg, uz} via {ve, v3}.
ii) Domain Unfolding. {g;[n]} <

nely, €N be expressed as

ejwkT

g ka///ws (wr)

kelk

Deletils))

|

®)

The common frequencies {vj}rer, can be found by
using Prony’s method [14] as follows. Let h[n| be
the filter with z-transform H(z):Zfzoh[n] 2 "=

K—1
and roots Then, h[n)

po (I —upz™t) ¢
ann1h1lates g, [n] or, (hxg.)[n]=>,_oh[mlg,[n—m]
=0 because H (ug)=0.

Zk 0 Ckyi <E£:0 hlm]u,™
The annihilation filter coefficients can be found by solving
a system of linear equations. The aliased frequencies vy
can be obtained by computing the zeros of the polynomial
H € Px. The non-aliased frequencies can be determined by
computing the phase difference ¢’“*”¢ in (8), provided that
(maxk |wk|) Ty<m<—=1Ty < W/(maxk \wk|). The problem
can be solved once there are at least many equations as
unknowns; i.e. No, N1 > 2K + 1 samples for estimating 2K
unknowns {vg, ¢k }tker, and N, N3 > K + 1 samples for
estimating K unknown phases {e/“*T4}; 1, . This completes
the proof. |

uy, = ek T

III. SUB-NYQUIST USF SPECTRAL ESTIMATION IN PRACTICE

Theorem 1 provides guarantees for sNyg\-{ independent of
the sampling rate. However, the fragility of the assumption :\\—‘1’ €
R\Q with the challenges of the real-world scenarios may com-
promise HDR capability of the sNygA-Y method. Challenges we
have identified via hardware experiments include,

« Noise. System and quantization noise, inherent in elec-
tronic circuits, inevitably lead to a mix of bounded and
unbounded noise. This combination can cause outliers in
both residue separation (7) and spectral estimation.

« Hardware Imperfections. Non-ideal foldings may occur
in hardware implementation of folding non-linearities in
the analog domain, resulting in off-grid folds or jumps of
u;, 1 € Lysi.e. vy,i & 2\ mod 2Z. This may compromise the
performance of the recovery approach.

5069

« Experimental Calibration. The precision of threshold
calibration is limited up to certain digits, where the
irrational threshold settings cannot be attained. This affects
the robustness of residue separation (7).

This necessitates the development of robust recovery meth-
ods that can tackle noise and hardware imperfections, spe-
cially when operating at sub-Nyquist rates. To this end,
next, we introduce psNygA-{ which is a robust version of
sNygA-Y.

Towards psNyg\-Y: Robust Recovery Algorithm. Here, we
leverage properties that were previously not utilized. These in-

clude, (i) g, € span{uy, = e"*" }yer,,i € Iu, (ii) g = giy1,i =
{0,2}. Combining these properties result in,
g, [n]=wu; [n] +v; [n Z cpiup, 1€y 9)

Cho=Cr1 =70 and cp2=cp3 =2 (10)

CL = ¢k (ewkT — 1) wp = e+ T

In summary, this allows us to develop an optimization method
utilizing a global signal model across all channels (9), moving
from channel-wise processing to a an approach that jointly
harnesses all the channels and capitalizes on the uncorrelated
nature of inter-channel noise and folding non-idealities.
Combining all channels, a concise representation reads,

g=1®0)c an

kel
where, © = [ }neﬂif ., € =[cos, 701(—1,1']T

vecy(c;) and g = vecy(g;) and vec (x) denotes vectorization
of vectors {xy }rer, . This summarizes our data model.

In presence of distortions such as quantization resolution,
system noise and hardware mis-match, we can only recover the
signal up to a tolerance level of ¢ (measurement distortion). In
view of (10), in the noiseless case, we see that c,0 = c,1 and
ck,2 = ci,3. Hence, in the noisy case, the 2 channels may only
differ by a maximum deviation of ¢ leading to the constraints,
lw; + vi — uip1 — Vgl <o, i={0,2}, which acts as a
regularization term. Hence, in the real-world scenario, the joint
recovery problem can be posed as:

and, ¢ =

min Hg I4®®)c||§, s.t. u; € 20,72

O®,c,u;

la; +vi — i1 — Vz+1||

<o, i={0,2}. (12

The minimization in (12) is non-trivial, due to the structure
and the constraints of the setup. In order to tackle this problem,
we opt for an alternating minimization strategy where the goal
is to split (12) into two tractable sub-problems, viz. that
addresses recovery of ®, c via joint spectral estimation and
that solves for u;, ¢ € 4 via robust residue separation.

A. Sub-Problem: Joint Spectral Estimation

Sparse Representation Model. Assuming that u;,7 € I is
known, it remains to estimate {@®, ¢} by minimizing,

min||g - (L ® ©)c]; (13)
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Al — DR[j]V]I\?fi

BU L, (R[ﬂvﬁ,l) ‘ RU —

R AV

Al = D

(N=1)x(N—1) (N=1)x(K+1)

4N-1)x(K+1) 4(N—1)x(N—1)

(9 (i) o=

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 72, 2024

(75 @), 7c(8,). 7x(8,). 7x@,)] " |

Bl =1 |® RUl AV

4x4

and

(N=1)x(N—1) (N=1)x(K)

4(N—-1)x4K
(20)

which is a non-convex problem. To find the solution, we utilize
. . . . _,2mm
the following parameterization in {3f_, = e /~-1 [47]:

nom Q6N 1) Qi € Px—1
MUUUH(ER,) T HePx

where the denominator H (z) (15) is the annihilation filter com-
mon to all channels; its roots uniquely determine the frequencies
uy. Let g, be the DFT of g [n], the USF-MC samples can be
expressed as

N-2

> 9,

n=0

(14)

~ _ Qi }\7;71) .

Parseval’s identity implies (11) and (14) are equivalent. Hence,
tcolorbox[ams equation]

B S i T 1
H,Q; 77‘ fN—) -
=0 m=0

To solve (16), we adopt an iterative strategy i.e. we construct a
collection of estimates for H, and select the one that minimizes
the mean-square error (MSE) of the USF-MC data via (16). These
estimates {HU!} are found iteratively by solving the approxi-
mate problem (since HV—1 ~ H)

3 N-2 g 2
. §N 1) Ql( N )
min » JE L
H7Qli2;7nz:0 HU=1 (€8 -) !
17

Initializing HU! differently provides estimation diversity.

With H and Q; known, the frequencies v}, are obtained by
roots (H) — uy, since H (uy) =0. The corresponding ampli-
tudes can be calculated via least-squares method,

vi, = 7Im(log(ug)),
urQi(uy ")
') o- H(z)|

(18)

Ck,i = — (1 “k

Having estimated the parameters {Vk,ckl}keﬂK, the multi-
channel sinusoidal samples can be reconstructed using (9).

Algorithmic Implementatlon We provide an algorithm
for (17). With g 8, = V% 18> the trigonometric polynomials
{Qi(ER_1), (§N ) }Ymely_, in (17) are written as,

[Qi( ;\7;71)] :Vji\gqfh‘ and [H( ;\'/Ll)]

where q; and h are the coefficients of Q; € Px_1 and H € Pk,
stacked in vector form and denote q = vecy(q;). Assuming the

~Vitn

estimate hl/] of h at iteration-; is known, the minimization at
J + 1 can be reformulated in matrix form as,

: . . . 2
{q[a-i-l]7 h[J+1]} = argming , HA[J]h — BD]qH (19)
’ 2

where RV!, AUl and BU! and their decompositions are respec-

tively given by (20) (on the bottom of this page). Notice that

Bl is full rank because RV} and VX | are full rank. We adopt
a normalization constraint

1 2m

o
to ensure the uniqueness of the optimal solution to (19), where

HI is the initialization of the algorithm. Consequently, the
quadratic minimization (19) can be eventually posed as

HIOl (e=20)HU+Y (e=9%)dh = 1 @21

{q[]+1] h[j+1]} _ arg IIllH HA[]]h B[J qH (22)

1 27 )
subject to — / HIOl(e=20)HU 1 (e799)dh = 1
27T 0

which results in the update

hli+1] ) T H ) 2.\ —1 [Hlo]
[_q[jﬂl} =k ([A[J]’B[J]} [A[J}7B[J]]) [ 0 } (23)

where hl% are the coefficients of H[?! and  is the Lagrange
multiplier such that the normalization constraint (21) is satis-
fied*. The procedure is summarized in Algorithm 1.

B. Sub-Problem: Robust Residue Separation

With g, known from the method in Section III-A, the mini-
mization on u; essentially boils down to a convex optimization
problem.The main result is as follows.

Theorem 2: Given signal estimates g, =uit v, 1€ Iy, the
optimal solution u; to (12) is given by,

o 559 go—ﬁ-gl—QVi,(—l)‘ g,—8,)),i=01
I (8, + 8, —2vi, (1) (8, —8,)),i=2,3
y;(~):(,@>\o%)(-)’ )‘i:)\(imodZ)
1 .
T, (2,9) = 5 (z + sgn (y) min (ly], 0)). 24

4For each initialization hl(%, we update the trigonometric polynomial
coefficients hl91] untl the stopping criterion (33) is met. If (33) is not
met for certain choices of hl/+1] after reaching the maximum iteration count
Jmax, We restart the algorithm with a different initialization.
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Proof: Given g, using (9) via (18), (12) amounts to a con-
strained minimization on {u; };¢r,. Thus, we reformulate (12),

P2l i 3|

lwi +vi — i1 — V2+1H

2
u; +v; —gi‘ . s.t. u; € 2\Z

<o, i={0,2}. (25)

Consider the above minimization (25) without the on-grid con-
straints. Let A; (u) = u;+1 — u; denotes the vector difference.
By rewriting the co-norm constraints, we have,

Zie]u

—0l<

2

min
w; [n]

u; +v; —

g,

subject to Aj(u+v)xol, i=0,2 (26)
where < denotes element-wise smaller or equal and 1=
[1,--- ] € RN~1. Notice that, the minimization on wg, u;
is independent of us, us, thus (26) can be split into two inde-
pendent sub-problems. Considering the variable symmetry, let’s

consider the minimization on ug, u1, leading to

2 2
min HUO+V07gOH +Hu1 +v17g1H 27)
Up,u1 - 2 - 2

subjectto —ol<xAp(u+v)=<ol. (28)

We follow Lagrange-multiplier approach for the mlnlmlzatlon
To this end, we define, £ (ug,u;) = Zl o ‘
Bo (A (u+v) —01) + B (Ag (u+v) —
ol),andA; (u) =u;41 — u; denotes the vector difference.
The minimizer satisfies

u; +v; — gH

Bo (=80 (u+v) —01) =0, B/ (A¢(u+v)—0ol)=0.

Taking the derivative results in

%%%¥=w+w—%+m+m[m:0
%0[;?]1)_ ur+vr—g, —Bo—B)[n]= 0

Notice that, the LHS and RHS of (28) cannot hold simultane-

ously due to its conflicting nature. For instance, 3,[n] =0 if

the LHS of (28) is active. To simplify expressions, let 7; [n] =

(9, +9, —2vi) [n] and ([n] = (g, — g,) [n]. Thus, the opti-

mal solution can be categorized into three cases:

|¢ [n] | < o. In this situation, both LHS and RHS of (28)
are loose or inactive, resulting in

@[]%MJ]+FD%MMi:WJ} (29)
[#2 ] ¢[n] < —o. In this scenario, the RHS of (28) is tight,
up [n] = 3(m [0] = (=1)'0), i ={0,1}.
¢ [n] > o. In this scenario, the LHS of (28) is tight,
uf [n] = 5(i [n] + (=1)'0), i={0,1}.
From (29)-(31), we can characterize the optimizer as (¢ =0, 1)

g o) = 5[] + (-

(30)

(€29

1)"sgn(¢ [n]) min(|¢ [n], )  (32)
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Algorithm 1. sNyg\-Y :

Input: Multi-channel samples {g, }761[4
1: Compute the DFT ofg g —VN 1g 1€y
2: for loop = 1 to max. 1n1t1a112at10ns do
3. Initialize h as hl%;
4 for j) =1 t0 jmax do
5 Construct the matrices in (20)
6: Update h? and q° by solving (23)
7
8
9

: sub-Nyquist USF Spectral Estimation

if (33) then
Terminate all loops;
end if
10:  end for
11: end for
122 h=hll q=qll;
Calculate {I/k, CL 1}266]14}( using (18).

Output: The sinusoidal parameters {v, cm}id“

kelk*

which leads to a thresholding operator in (24). Similarly,
the same calculation applies to uf,¢=2,3. Enforcing uf
on the grid 2Z\; can be implemented via the quantization
operator 2y, = 2XA; [ (- + A;) /(2\;)], which completes the
proof. |

Stopping Criterion. We 1n1t1a11ze the psNygA-Y method in
Algorithm 2 by computing {u }16114 in (7), which is a reason-

able intialization. Using (24), we then estimate {vy, cx Z}Leeﬂfk

via (18) based on which we refine {u[ ]}1@14 via (24). The

following
)<

is used as our stopping criterion. Iterating the method leads to
robust estimates as it eliminates distortion, which is validated
via hardware experiments.

(33)

mo ([, g

Algorithmic Complexity. In terms of computational complex-
ity, the proposed psNyg\-Y method requires residue initializa-
tions via look-up table and QR decompositions of matrices
AVl ¢ CAWV=1x(E+1) apd Bl € CHN=1*4K in joint spec-
tral estimation (most time-consuming). The QR decomposition
of Al essentially amounts to performing K + 1-times Gram—
Schmidt orthogonalization as K < N. Moreover, notice that,
BU! is sparse due to the Kronecker operation described in
(20). These algebraic structures allow for effective accelera-
tion in matrix computations. Hence, the total computational
complexity mainly scales with the number of sinusoids K
and varies slowly with the number of samples N, which sig-
nificantly increases the algorithm run-speed when processing
large-scale hardware data (see the last column of Tables I
and II).

IV. EXPERIMENTS

The overarching goal of our experiments is to computation-
ally push the frequency range of our hardware by using sub-
Nyquist spectral estimation methods. In particular, through a
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Algorithm 2. psNyg\-Y : Robust Version of sNygA-f Method

Input: Folded Samples {y;}icI, -
1: Compute the finite difference {v,};cr,.

2: Compute the initial estimates {uio]}ieﬂ , by using (7).
3: for loop = 1 to max. iterations do

4 Update {vy, i }ior using Algorithm 1;

5:  Update {u; };c1, using (24);

6: if (33) holds then

7 Terminate all loops;

8:  end if

9: end for

- )
10: Calculate {wg, ¢y }rer. using (9); 4
Output: The sinusoidal parameters {wy, ck,i}zeeﬂfk.

Fig. 5. Custom-designed .#,—ADC hardware prototype for robust sub-
Nyquist spectrum estimation (psNyq A-Y) experiments reported in Section
IV. Our testbed is designed such that experimental parameters, such as the
sampling step 7', time delay Tz and thresholds Ao, A1 are tunable.

Histogram of Noise from ADC Measurements

100 - _{r T it [__JExperiment
M an Gaussian Fit
80 -
60 -
40
O il
-0.4 -0.3 -0.2 -0.1 0 0.1 0.2 0.3 0.4
Fig. 6. Noise characterization via hardware experiments. We plot the noise

histogram by estimating noise at the output of .#\—ADC hardware [25].
Gaussian approximation of the histogram provides a proxy for noise statistics
with approximately zero mean and standard deviation = 0.11, translating to
about 19.40 dB signal-to-noise ratio (SNR).

series of 14 experiments, we show that HDR signals in the kilo-
hertz range can be estimated via sub-Nyquist sampling at herzz
range, utilizing the .#,—ADC hardware, providing a factor of
1000 x improvement in real-world scenarios. This also serves as
a validation of our psNygA-f method (Algorithm 2) developed
in Section III.

IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 72, 2024

In noiseless scenarios, numerical simulations demonstrate
that the method presented in Section II results in an exact
signal recovery (up to the machine precision). Hence, we report
only hardware experiments, which are more challenging. As
discussed in Section III, one has to overcome data distortion
arising from system noise (including thermal and quantization
noise following Gaussian and Uniform distributions, respec-
tively) and from folding non-idealities [25], to achieve success-
ful recovery.

In our case, as shown in Fig. 6, experimental observation of
the noise from .#,—ADC follows Gaussian statistics, approxi-
mately. Though our goal is not to validate the precise nature of
the distribution, we aim to quantify the system’s signal-to-noise
ratio (SNR). Given that the measurement noise can be explained
by an approximately zero mean and a standard deviation of
0.11, this translates to an SNR of 19.4 dB.

Our method outlined in Algorithm 2 is designed to tackle
noisy scenarios. We do so by adapting o in (12) that
uses a proxy of the SNR as an input to the algorith-
mic framework. Empirically, we have observed that o =
2amax |A;| /(28 — 1) is an effective estimate, where B is
the bit budget and « >0 is a constant depending on noise
or distortion. For low-frequency inputs (< 1 kHz), we set a =
2 as o is dictated by quantization and system noise. As for
high-frequency inputs (=1 kHz), we set aw =4 as non-ideal
foldings are dominant, inducing significant data distortion
challenges.

Multi-Channel Hardware. Our multi-channel sampling hard-
ware is shown in Fig. 5 and is based on the .#,—ADC introduced
in [25]. We particularly, use off-the-shelf electronic components
resulting in an inexpensive design implementing the USF-MC
architecture in Fig. 4.

Experimental Protocol. We use TG5011A as our HDR ana-
log signal generator. Its output is fed to the USF-MC hard-
ware with tunable thresholds ();). Together with the USF-MC
output, we simultaneously record the original HDR input on
the PicoScope 3406D oscilloscope, serving as the ground-truth
{g[n], gr,[n]}. We sample the USF-MC output with 6-bit reso-
lution, particularly highlighting the algorithmic capability in
the presence of quantization noise. That said, the ground-
truth {g[n], g,[n]} is sampled with 7-bits to accommodate
the HDR swing of the input signal. Experimental parameters
such as, ground-truth frequencies fj, dynamic range, sam-
pling frequency f,, delay 7, among others are tabulated in
the first row of Tables I and II, respectively. We conduct
14 experiments, pushing the limits of current USF-MC hard-
ware. We cover a range of 0.4 to 7 kHz signals with DR
~ 9\. We study the performance of the psNygA-Y by consid-
ering two scenarios, viz. (1) low-frequency signals (<1 kHz
bandwidth) and (ii) high-frequency signals (signals in range
of 4 kHz to 7 kHz). In either case, 1) we consider K =6
complex-exponentials mapping to K’ = 3 real sinusoids, and
2) keeping the input fixed, we vary f, to test the limits of
our psNygA-Y algorithm in a progressively challenging fashion;
fs goes from 877 Hz to 11 Hz, invoking a truly sub-Nyquist
flavor.
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877 Hz

Sampling Rate

Sub-Nyquist Rate
Sampling Rate 59 Hz

29 Hz

Sampling Rate
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Parameter Space
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15
1 we

0.5

" F c
e 11n/6

2n/3

5n/6

e

43

2n/3

51/6

e

4/3

11/6

11n/6

5m/3
3n/2

Fig. 7. Hardware validation with low-frequency inputs. The ground-truth frequencies are {f }re1, = [400,700,1000] Hz. We conduct 3 experiments
with decreasing sampling rates: (a) 877 Hz, (b) 59 Hz and (c) 29 Hz. The signal recoveries are shown in the first two columns; the estimated parameters
{Ck, Wk} wery are plotted in phasor domain in the last column. The HDR signals are successfully recovered in all realizations with MSE bounded by 10—,

TABLE I

HARDWARE BASED EXPERIMENTAL PARAMETERS AND PERFORMANCE EVALUATION FOR LOW-FREQUENCY INPUTS

Figure N fs Td /\0 /\1 Hg”oo fk fk, 82 (ﬁchﬂ) Run-Time
(Hz) (us) ™) ™) 8% (kHz) (kHz) (s)
Fig. 7 200 877 200  0.98 188  8.88 [0.4,0.7,1.0]  [0.400,0.700,1.000]  2.03 x 10~6  6.10 x 10~
— 200 461 200 098 188  8.92 (0.4,0.7,1.0]  [0.400,0.700,1.000]  6.32x 10-7 573 x 10!
— 200 211 200 098 188  8.88 (0.4,0.7,1.0]  [0.400,0.700,1.000]  1.78 x 10~6  5.70 x 10~
— 100 89 200 098 188  8.90 (0.4,0.7,1.0]  [0.400,0.700,1.000]  1.16 x 10~6  3.94 x 10~
— 100 79 200 098 188  8.99 (0.4,0.7,1.0]  [0.400,0.700,1.000]  1.71 x 10-7  3.54 x 10!
Fig. 7(b) 100 59 200 098 188 897 (0.4,0.7,1.0]  [0.400,0.700,1.000]  5.08 x 10~7  3.86 x 10~
— 100 41 200 098 188 9.0l (0.4,0.7,1.0]  [0.400,0.700,1.000]  3.98 x 10~7  3.80 x 10~
Fig. 7(c) 100 29 200 098 188  8.82 (0.4,0.7,1.0]  [0.400,0.700,1.000]  4.33 x 10~7  4.08 x 10!
TABLE II
HARDWARE BASED EXPERIMENTAL PARAMETERS AND PERFORMANCE EVALUATION FOR HIGH-FREQUENCY INPUTS
Figure N s T Ao A gl i A & (fk,Fk) Run-Time
(Hz) (1) ™) 8% 8% (kHz) (kHz) (s)

Fig. 8(a) 200 877 50 0.98 1.88 8.73 (4,5, 6] [4.000, 5.000, 6.000] 2.63 x 10~4 5.47 x 1071
— 100 179 50 1.30 1.46 4.76 (5,6, 7] [4.998, 5.998, 6.997] 5.67 x 10° 3.98 x 101
— 100 79 50 1.30 1.46 4.68 (5,6, 7] [4.998, 5.998, 6.997] 5.81 x 10° 3.81 x 101
— 100 29 50 1.30 1.46 3.97 (5,6, 7] [4.999, 5.999, 6.999] 1.51 x 10° 3.71 x 10~
Fig. 8(b) 100 17 50 1.20 1.45 4.05 (5,6, 7] [4.999, 5.999, 6.999] 1.47 x 10° 3.86 x 1071
Fig. 8(c) 100 11 50 1.30 1.46 3.93 (5,6, 7] [4.999, 5.999, 6.999] 1.47 x 10° 412 x 107!
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Conventional Channel Delayed Channel Parameter Space
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3n/2

Hardware validation with high-frequency inputs. The frequencies are {fy}rcr, = [4,5,6,7] kHz. We conduct 3 experiments with decreasing

sampling rates: (a) 877 Hz, (b) 17 Hz and (c) 11 Hz. The signal recoveries are shown in the first two columns; the estimated parameters {Ek,&k}ke]IK
are plotted in phasor domain in the last column. The HDR signals are accurately recovered with a low sampling rate (up to 0.078% of the Nyquist
frequency), providing a estimation accuracy maxy, |, — fx| < 1 Hz from 6-bit data, while the conventional method results in 10-33 Hz, even using 7-bit

resolution.

A. Experimental Results

Low-Frequency Tests. The input signal frequencies are
{fi }rer, = [400,700,1000] Hz and DR is ||g|| ., =9.18\g =
4.79);. Given this frequency range fnax = 1000 Hz, we set
a=27.

The psNyq)\ Y successfully recovers the input signal g g,=
u + v; shown in Fig. 7, with experiments performed at differ-
ent sub-Nyquist rates. The USF-MC pipeline achieves an accurate
spectral estimation with a low sampling rate up to 1.45% of
the Nyquist frequency (2000 Hz). Together with 9.18x DR
improvement, this significantly reduces the sampling cost and
power consumption. As shown in Fig. 7, despite the quantiza-
tion noise, the HDR signals are accurately reconstructed in all
realizations with MSE upper-bounded by 10~. The results are
summarized in Table 1.

High-Frequency Tests. Here, we further push the frequency
range of the USF-MC setup in 4 to 7 kHz range, {fy}rer, =
[4,5,6, 7] kHz. As before, use o = 2amax |\;| /(28 — 1) with
a =4 in (12)°%. Notice that, sNyq-Y with a lower sampling rate

Sa a2 1 indicates that the quantization dominates the measurement distor-
tion and the non-ideal folding [25] due to hardware imperfection is mild.

Sa > 3 indicates that the non-ideal folding due to hardware imperfection
dominates the measurement distortion [25].

is prone to noise interference [19]. We use € (fk,fk) /fs=

max |y — £|/f, to quantify the estimation sensitivity relative
to the sampling frequency fs. In hardware experiments, the
spectral estimation using the conventional ADC {g[n], g1, [n]}

has a large error (7-bit resolution): £, (fk,fk> /fs =194.12%

(fo =17 H2), Eac (B4, B ) /o = 90.91% (f, = 11 1),

1) fs =17 Hz: estimation is [4.999, 6.016, 7.033] kHz.

2) fs =11 Hz: estimation is [4.999, 6.010, 7.010] kHz.
where the ground-truth is [5,6,7] kHz. Despite the non-ideal
folding, the robust sNygA-Y method or psNyg\-Y attains signal
recovery 'gi = uf + v; shown in Fig. 8, with experiments per-
formed at different sub-Nyquist rates from 877 Hz to 11 Hz. The
USF-MC pipeline achieves spectral estimation with a much lower
sampling rate, up to 0.078% Nyquist rate. In these settings, non-
ideal folding [25] may create challenges for signal recovery.
As shown in Fig. 8, the kHz range frequencies are accurately
estimated with £, fk,?k> /fs < 5.88% using 6-bit resolution,
providing 33X accuracy improvement compared to the 7-bit
conventional ADCs. This demonstrates the significance and
benefits of USF-MC pipeline that provides more precise spectral
estimation induced by higher digital resolution. Together with
8.90x DR improvement, this demonstrates the robustness of
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the proposed psNyg\-Y algorithm. The results are summarized
in Table II.

V. CONCLUSION

Undersampled or sub-Nyquist spectral estimation, aimed at
capturing high bandwidth signals where Nyquist rate sam-
pling is impractical or expensive, has been a focus of research
for decades. However, most advancements have centered on
algorithms and can not handle high-dynamic-range (HDR) sig-
nal acquisition. To overcome this fundamental mismatch be-
tween theory and practice, our work introduces a multi-channel
scheme for sub-Nyquist spectral estimation based on the Unlim-
ited Sensing Framework. Our algorithm utilizes modulo sam-
ples, and our recovery theorem guarantees that K frequencies
can be estimated from just 6K + 4 measurements, indepen-
dent of the sampling rate. Hardware experiments with modulo
ADCs, coupled with a novel, robust recovery algorithm, indeed
show that kilohertz range signals can be recovered at hertz scale
sampling rates, providing a true sense of sub-Nyquist spec-
tral estimation. These results serve as a compelling stepping-
stone, catalyzing a whole new range of spectral estimation
applications, previously unexplored via the lens of USF. Going
forward, tightening recovery guarantees, reducing the number
of channels, developing robustness guarantees and integrating
our approach with new hardware and applications, all remain
interesting future research directions.
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